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We show that there is pseudospin SU(2) symmetry in the
one-dimensional tight-binding model with the inter-molecular
electron-phonon interaction. We discuss the relation between
the pseudospin symmetry breaking and the charge-density
wave (CDW). For a finite lattice at half-filling, the Peierls
instability drives the lattice to dimerization at low temper-
ature, however, the system remains the SU(2) symmetry in-
variant and is not CDW state. An attractive on-site electron-
electron interaction makes the pseudospin symmetry sponta-
neously broken in the thermodynamic limit and the CDW
state arises as well. Hence, it is clear that spontaneous pseu-
dospin symmetry breaking produces the CDW state.
PACS numbers: 74.65+n, 74.20-z
It was first pointed out by Peierls [1] that a one-
dimensional metal coupled to the underlying lattice is
unstable at low temperature. In a half-filling band,
the electron-phonon interaction drives a metal-insulator
transition by the dimerization of the lattice due to Peierls
instability. The ground state is a condensate of electron-
hole pairs involving the wave vector Q = 2kF = π/a with
a non-zero energy gap. The condensate is called charge-
density wave (CDW) when the electron density satisfies
ρ(n) = 1 + ρQcos(Qna+ φ) (1)
where n is the position of the lattice site. This is a co-
operative phenomenon in a many-body system. In the
last four decades, the theory of CDW has been well es-
tablished [2–6]. The traditional view considering CDW
as produced by breaking of the translational invariance
which is a discrete symmetry in a lattice model. Our
present work shows that if the original model contains
the continuous pseudospin SU(2) symmetry [7–9], then
this continuous symmetry has to be broken in order to
have CDW ground state. Pseudospin SU(2) symmetry
is a global symmetry reflecting the rotation invariance
in the particle-hole space, while CDW is a condensate of
the particle-hole pairs. Thus, there is a natural connec-
tion between the two. Recently, we discussed the phys-
ical consequences of pseudospin SU(2) symmetry in the
negative-U Hubbard model [10]. We showed that sponta-
neous pseudospin SU(2) symmetry breaking will produce
CDW, and furthermore, if its unique subgroup U(1) is
also broken, superconductivity and CDW must coexist
to form a supersolid.
CDW is observable in samples with a low dimensional
structures, for example, polyacetylene with a quasi-one-
dimensional structure [6]. Successful theories for CDW
have been developed based on the tight-binding models
with electron-phonon interaction. In the tight-binding
model there are two dominant sources of the electron
phonon interactions: (i) Inter-molecular or inter-site
(acoustic and optical mode) lattice phonon modulation
of the electronic energies; (ii) Intra-molecular (or intra-
site) vibrational mode modulation of the electronic en-
ergies [3]. These two models obey different global sym-
metries and play different roles for CDW occured at low
temperatures. In this paper, we first present pseudospin
SU(2) symmetry in a tight-binding model with an inter-
molecular electron-phonon interaction, then show that
the dimerization due to Peierls instability in this model
does not break this SU(2) symmetry and will not pro-
duce CDW. Introducing an on-site attractive interaction
will lead to the appearance of CDW, and simultane-
ously pseudospin symmetry is spontaneously broken in
the thermodynamic limit. The intra-molecular (or intra-
site) electron-phonon interaction breaks pseudospin sym-
metry explicitly and the CDW there can be regarded as
product of explicit symmetry breaking. At the end, we
point out that how to distinguish experimentally the two
kinds of CDW resulting from spontaneous and explicit
symmetry breaking.
Our starting point is a simple one-dimensional tight-
binding Hamiltonian with an inter-molecular electron-
phonon interaction, i.e., the Su-Schrieffer-Heeger (SSH)
model [6],
HSSH = Hpi +H
(i)
pi−ph +Hph, (2)
where
Hpi = −t0
∑
n,σ
(c†n+1,σcn,σ + c
†
n,σcn+1,σ) (3)
describes the electron hopping along the one-dimensional
chain.
H
(i)
pi−ph = α
∑
n,σ
(un+1 − un)(c
†
n+1,σcn,σ + c
†
n,σcn+1,σ) (4)
which is the inter-molecular electron-phonon interaction,
and un is the distortion of lattice at site n. Finally, the
phonon Hamiltonian is written as
Hph =
∑
n
P 2n
2M
+
K
2
∑
n
(un+1 − un)
2, (5)
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where M is the mass of the primitive cell and Pn is
the momentum conjugate to un. In the above model,
since electron hops without flipping its spin, the total
spin S is conserved and the system satisfies the usual
spin SU(2) symmetry. This Hamiltonian is also invari-
ant under the partial particle-hole transformation [11],
THSSHT
−1 = HSSH , where T =
∏
n(cn,↑ − ǫ(n)c
†
n,↑)
and ǫ(n) = 1 for even n and −1 for odd n [12]. Combin-
ing this symmetry and the spin SU(2) symmetry gives
rise to a hidden symmetry in the model, i.e., pseudospin
SU(2) symmetry. The pseudospin operators are defined
by


S˜
+ =
∑
n S˜
+
n =
∑
n(−1)
ncn,↑cn,↓,
S˜
− =
∑
n S˜
−
n =
∑
n(−1)
nc†n,↓c
†
n,↑,
S˜
z =
∑
n S˜
z
n =
∑
n
1
2 (1 − c
†
n,↑cn,↑ − c
†
n,↓cn,↓)
(6)
which construct a SU(2) group. Denote O = eiδn·S˜ (δ is
arbitrary and n is a unit vector), we have OHSSHO
† =
HSSH . The physical consequences related to this sym-
metry have been discussed extensively in the literature
[8,10,13,14]. One of them is the possible relevance to
the appearance of CDW while the symmetry is broken
[10]. It is worth of mentioning here that in this paper we
only discuss the case that pseudospin SU(2) symmetry is
broken while U(1) subgroup is invariant.
Usually the SSH model is used to explain Peierls
transition and its soliton-like excitation in some one-
dimensional materials. Peierls showed that within the
mean field approximation, the ground state of a one-
dimensional metal undergoes a spontaneous lattice dis-
tortion with 〈un〉 6= 0. This instability occurs at Q =
2kF = π/a (a is the lattice unit length), and the distor-
tion with the mean amplitude, un → 〈un〉 = (−1)
nu. In
this case, the SSH Hamiltonian is reduced to
H0(u) = −
∑
n,σ
(t0 + 2α(−1)
nu)(c†n+1,σcn,σ + c
†
n,σcn+1,σ)
+ 2KNu2. (7)
This Hamiltonian can be diagonalized to
H0(u) = −
∑
k,σ
ω0k(α
0†
k,σα
0
k,σ − β
0†
k,σβ
0
k,σ) + 2KNu
2, (8)
by the following Bogoliubov transformation
(
α0k,σ
β0k,σ
)
=
(
sin θ0k −i cos θ
0
k
−i cos θ0k sin θ
0
k
)(
ck,σ
ck+Q,σ
)
, (9)
where ω0k = (γ
2
k + ∆
2
k)
1/2 (γk = −2t coska and ∆k =
4αu sinka) and sin θ0k =
1√
2
(1 − γk
ω0
k
)1/2, cos θ0k =
1√
2
(1 +
γk
ω0
k
)1/2sgn(∆k) (−π/2a ≤ k ≤ π/2a). The order param-
eter u can be determined self-consistently. When u 6= 0,
there is a gap, 8αu, between the ground state and the
first excitation state in a half-filled band. Thus, the sys-
tem becomes an insulator due to the lattice distortion.
For our purpose, we write the ground state as
|P 〉 =
∏
k,σ
(sin θ0k + i cos θ
0
kb
†
k,σ)|F 〉 (10)
where b†k,σ = c
†
k+Q,σck,σ is the creation operator for a
particle-hole pair and |F 〉 =
∏
k,σ c
†
k,σ|0〉 is the ground
state of Hpi, i.e., the Hamiltonian without any lattice
distortions. The state |P 〉 is a condensate of electron-
hole pairs involving the momentum Q. Like the super-
conducting BCS state Cooper pairs, and the number of
particle-hole pairs is undetermined in |P 〉. The price of
this uncertainty is that the order parameter could have
an arbitrary phase factor since the phase and the num-
ber of the pairs are conjugate to each other and obey the
uncertainty relation. Furthermore, it is easy to calculate
that
S˜
±|P 〉 = S˜z|P 〉 = 0, (11)
which indicates that |P 〉 is an eigenstate of pseudospin
operators with zero eigenvalue. Hence, |P 〉 keeps pseu-
dospin symmetry invariant, namely, rotation invariance
in particle-hole space, O|P 〉 = |P 〉. Meanwhile, the order
parameter for CDW is also found to be zero in |P 〉,
ρQ =
1
N
∑
k,σ
〈P |c†k+Q,σck,σ + c
†
k,σck+Q,σ |P 〉
=
1
N
∑
k,σ
(i sin θ0k cos θ
0
k − i sin θ
0
k cos θ
0
k) = 0 (12)
Therefore, the dimerization of the lattice caused by
Peierls instability does not break pseudospin symmetry
and will not produce CDW since CDW corresponds to os-
cillating electron density wave with nonzero ρQ. Due to
the invariance of pseudospin symmetry, there is no CDW
while the lattice dimerizes driven by the inter-molecular
electron-phonon interaction. The Hamiltonian in Eq.(7)
satisfies the pseudospin symmetry and is exactly solv-
able. Its unique ground state must be invariant under
this symmetry. The corresponding charge density is al-
ways uniform, i.e.,
ρ(n) = 〈P |
∑
σ
c†n,σcn,σ|P 〉 = 〈P |O
†∑
σ
c†n,σcn,σO|P 〉
= 〈P |2− (
∑
σ
c†n,σcn,σ)|P 〉 = 1 (13)
For any finite systems, the symmetry ensures this uni-
form density result to hold. Usually it is thought that
breaking of the translational symmetry (which is discrete
in this case) will lead to CDW. We find that additional
continuous pseudospin symmetry has to be broken to pro-
duce CDW.
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In order to further illustrate that CDW is the prod-
uct of pseudospin symmetry breaking, we introduce an
on-site electron-electron interaction which also possesses
pseudospin symmetry,
HI = U
∑
n,σ
(c†n,↑cn,↑ −
1
2
)(c†n,↓cn,↓ −
1
2
). (14)
Due to the particle-hole symmetry in the total Hamilto-
nian
Ht = HSSH +HI , (15)
the chemical potential is equal to zero at a half filling.
As has shown previously, there is a condensate of the
particle-hole pairs involving the momentum Q = 2kF
in the unperturbed ground state, although it is not a
CDW state since ρQ = 0. This fact reflects the instability
of the unperturbed state, which tends to form a CDW
consisting of particle-hole pairs. After introducing the
electron-electron interaction, whether the condensate is
stable is concerned here. Perturbation calculation with
finite orders can not break the symmetry if we regard the
the electron-electron interaction HI as a perturbation. It
is obvious that a self-consistent calculation is necessary.
The approach using here is quite similar as the BCS mean
field approach for superconductivity. We assume that for
the ground state of Ht, 〈g|c
†
k,σck+Q,σ |g〉 6= 0. Under this
assumption,HI can be decoupled by introducing an order
parameter ρ,
HI → ρ
∑
k,σ
(c†k,σck+Q,σ + c
†
k+Q,σck,σ)−
1
2U
Nρ2 (16)
and the order parameter
ρ =
U
N
∑
k,σ
〈g|c†k,σck+Q,σ + c
†
k+Q,σck,σ|g〉 = UρQ. (17)
The Hamiltonian Ht can then be reduced to
HMF =
∑
k,σ
{γk(c
†
k,σck,σ − c
†
k+Q,σck+Q,σ)
+ [(ρ− i∆k)c
†
k+Q,σck,σ + (ρ+ i∆k)c
†
k,σck+Q,σ]}
−
1
2U
Nρ2 + 2NKu2. (18)
Using the Bogoliubov transformation once more,(
αk,σ
βk,σ
)
=
(
sin θk −i cos θke
−iφk
−i cos θke
iφk sin θk
)(
ck,σ
ck+Q,σ
)
,
(19)
one gets
HMF = −
∑
k,σ
ωk(α
†
k,σαk,σ − β
†
k,σβk,σ)
−
1
2U
Nρ2 + 2NKu2, (20)
where ωk = (γ
2
k + ρ
2 + ∆2k)
1/2, sin θk =
1√
2
(1 − γkωk )
1/2,
cos θk =
1√
2
(1 + γkωk )
1/2sgn(∆k), and e
iφk =
(
∆k+iρ
∆k−iρ
)1/2
The order parameters are determined by a set of equa-
tions,


1
N
∑
k
1
ωk
= −
1
2U
,
1
N
∑
k
∆2k
ωku2
= 2K.
(21)
If U > 0, the order parameter ρ is always equal to zero
and no CDW arises. The non-zero ρ and CDW ground
state only exists for attractive interaction with U < 0.
Here again, the CDW ground state is expressed in the
form
|g〉 =
∏
k,σ
(sin θk + i cos θke
iφkb†k,σ)|F 〉. (22)
When ρ = 0, the state |g〉 = |P 〉, i.e., the Peierls state.
It is easy to check that S˜z|g〉 = 0, which indicates the
U(1) symmetry is invariant in the ground state, but after
some algebra one can show
S˜+|g〉 =
∑
k
(ck+Q,↑c−k,↓ + ck,↑c−k−Q,↓)|g〉
= −i
∑
k
(sin θ−k cos θkeiφk + sin θk cos θ−keiφ−k)
×
∏
k′,σ 6=k,↑,−k,↓
(sin θk′c
†
k′,σ + i cos θk′e
iφ
k′ c†k′+Q,σ)|0〉
= ρ
∑
k
|gk〉 (23)
where
|gk〉 = −
1
ωk
∏
k′,σ 6=k,↑,−k,↓
(sin θk′c
†
k′,σ + i cos θk′e
iφ
k′ c†k′+Q,σ)|0〉.
(24)
If ρ 6= 0, then S˜+|g〉 6= 0. Thus, in this state, pseu-
dospin symmetry is spontaneously broken as soon as
CDW arises. The appearance of CDW has one-to-one
correspondence to the pseudospin symmetry breaking. In
other words, spontaneous pseudospin symmetry breaking
will produce the CDW, just as superfluid or superconduc-
tivity is the product of the global U(1) symmetry spon-
taneous breaking.
For both models without or with interaction defined
by Eqs.(2) and (15), it has been rigorously shown that in
finite systems with even number sites their ground states
have pseudospin S˜ = 0 [14], therefore, the pseudospin
symmetry is not spontaneously broken. The spontaneous
symmetry breaking can only happen in the thermody-
namic limit, similar as in an antiferromagnet system. In
the case of attractive interaction in Eq.(15), the ground
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states might be degenerate in the thermodynamic limit.
The degeneracy makes it possible for the spontaneous
pseudospin symmetry breaking in the ground state. In
fact, the mean-field ground state |g〉 consists of all eigen-
states of S˜ and reflects this degeneracy. Similar physics
happens for the BCS ground state which consists of a se-
ries of eigenstates of particle numbers. The spontaneous
symmetry breaking here is different from that in a ferro-
magnet system. In that case, SU(2) spin symmetry could
be spontaneously broken even in a finite system.
Before ending the paper, we should point out that
CDW could also be the product of explicit pseudospin
SU(2) symmetry breaking. As mentioned previously, the
intra-molecular (or intra-site) vibrational mode modula-
tion of the electronic energies is another dominant source
of the electron-phonon interaction, which could also lead
to the appearance of CDW. This kind of interactions is
expressed as [3]
H
(ii)
e−ph =
∑
n,σ
(
∑
ν
Γνuν,n)c
†
n,σcn,σ, (25)
where Γν represents the coupling of the electron to the
mode, say at q = Q. This interaction breaks pseudospin
symmetry explicitly. The condensation of the phonons
make it possible to produce a effective periodic electric
field which drives a CDW. This is just like that a peri-
odic magnetic field will produce a spin-density wave in
a spin system. From the point of view of symmetry, the
physical mechanisms of these two kinds of CDW are very
different. We can distinguish them by measuring the the
low-energy collective modes. According to the Goldstone
theorem [15], spontaneous pseudospin symmetry break-
ing will produce two massless collective modes while U(1)
symmetry is invariant, and one of them could be mea-
sured experimentally, as we discussed in a recent paper
[10].
In summary, we discuss pseudospin SU(2) symmetry
and its physical consequences in the one-dimensional
tight-binding model with the electron-phonon interac-
tion and on-site electron-electron interaction. The one-
dimensional lattice dimerization does not break pseu-
dospin symmetry and will not produce CDW. We show
that on-site attractive interaction will produce CDW
combining the Peierls instability, and simultaneously
break pseudospin symmetry in the ground state. There-
fore, we conclude that spontaneous pseudospin SU(2)
symmetry breaking will produce CDW.
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